We show that a group presented by a labelled oriented tree presentation in which the tree has diameter at most three is an HNN extension of a nitely presented group. From results of Silver, it then follows that the corresponding higher dimensional ribbon knots admit minimal Seifert manifolds.
Introduction
It is well known that every classical knot k (knotted circle in S 3 ) bounds a compact orientable surface, known as a Seifert surface for the knot. A Seifert surface of minimal genus (among all Seifert surfaces for the given knot k) is called minimal, and satis es the following property: the inclusion-induced map 1 ( nk) ! 1 (S 3 nk) is injective. Conversely, a Seifert surface for k for which this map is injective is necessarily minimal. For a higher dimensional knot, or more generally a knotted (closed, orientable) n-manifold M in S n+2 , a Seifert manifold is de ned to be a compact, orientable (n + 1)-manifold W in S n+2 , such that @W = M . A Seifert manifold W for M is de ned to be minimal if the inclusion-induced map 1 (W nM) ! 1 (S n+2 nM) is injective. In general, any M will always admit Seifert manifolds, but not necessarily minimal Seifert manifolds. For example, Silver 13] has
shown that, for any n 3, there exist n-knots in S n+2 with no minimal Seifert manifolds, and Maeda 9] has constructed,for all g 1, a knotted surface of genus g in S 4 that has no minimal Seifert manifold. Further examples of knotted tori in S 4 without minimal Seifert manifolds are constructed by Silver 16] .
A theorem of Silver 14] says that, for n 3, a knotted n-sphere K in S n+2 has a minimal Seifert manifold if and only if its group G K = 1 (S n+2 nK) can be expressed as an HNN-extension with a nitely presented base group. (It is standard that any higher knot group can be expressed as an HNN extension with a nitely generated base group.) As Silver remarks, the proof of his theorem does not extend to the case n = 2. However, it remains a necessary condition for the existence of a minimal Seifert manifold that the group be an HNN-extension with nitely presented base group. This applies also to knotted n-manifolds in S n+2 , a fact which is used implicitly by Maeda in the result mentioned above. It remains an open question whether every 2-knot in S 4 has a minimal Seifert manifold. This seems unlikely, however. For example Hillman 5] , p. 139 shows that, provided the 3-dimensional Poincar e Conjecture holds, there is an in nite family of distinct 2-knots, all with the same group G, such that the commutator subgroup of G is nite of order 3; and at most one of these knots can admit a minimal Seifert manifold. In the present article we consider the case of higher dimensional ribbon knots, for which the existence of minimal Seifert manifolds is also an open question. Indeed, as we shall point out in the next section, higher ribbon knot groups are special cases of knot-like groups, in the sense of Rapaport 12] , and Silver 15] has conjectured that every nitely generated HNN base for a knot-like group is nitely presented. It would therefore follow from Silver's conjecture (and his Theorem) that every higher ribbon knot has a minimal Seifert manifold. Now any higher ribbon knot group has a Wirtinger-like presentation that can be encoded in the form of a labelled oriented tree (LOT) 7]. Indeed the LOT encodes not only a presentation for the knot group, but the complete homotopy type of the knot complement. In 7] it was shown that, if the diameter of the tree is at most 3, then the group is locally indicable, and using this that the 2-complex model of the associated Wirtinger presentation is aspherical. A shorter proof of this fact is given in 8], where it is shown that the presentation is in fact diagrammatically aspherical. In the present paper, we show that, under the same hypothesis on the diameter of the tree, the group is an HNN-extension with nitely presented base group, and hence that the higher ribbon knot has a minimal Seifert manifold. Theorem 1.1 Let ? be a labelled oriented tree of diameter at most 3, and G = G(?) the corresponding group. Then G is an HNN-extension with nitely presented base group. Corollary 1.2 Let K be a ribbon n-knot in S n+2 , where n 3, such that the associated labelled oriented tree has diameter at most 3. Then K admits a minimal Seifert manifold.
The paper is arranged as follows. In section 2 we recall some basic de nitions relating to LOTs and higher ribbon knots. In section 3 we prove some preliminary results about HNN-bases for one-relator products of groups, which will allow us to simplify the original problem. In section 4 we reduce the problem to the study of minimal LOTs, In section 5 we construct a nitely generated HNN base B for G, and describe a nite set of relators in these generators. In section 6 we prove some technical results about the structure of these relations, which we apply in section 7 to complete the proof of Theorem 1.1 by proving that this nite set is a set of de ning relators for B. We close, in section 8, with a geometric description of our generators and relators for the HNN base, and a discussion of how this might be used to generalise Theorem 1.1.
LOTs and higher ribbon knots
A labelled oriented tree (LOT) is a tree ?, with vertex set V = V (?), edge set E = E(?), and initial and terminal vertex maps ; : E ! V , together with an additional map : E ! V . For any edge e of ?, (e) is called the label of e. In general, one can consider LOTs of any cardinality, but for the purposes of the present paper, every LOT will be assumed to be nite.
To any LOT ? we associate a presentation P = P(?) : h V (?) j (e) (e) = (e) (e) i of a group G = G(?), and hence also a 2-complex K = K(?) modelled on P . with no local maximum. Conversely, any ribbon disk complement has a 2-dimensional spine of the form K(?) for some LOT ?. By doubling a ribbon disk, we obtain a ribbon 2-knot in S 4 , and by successively spinning we can obtain ribbon n-knots in S n+2 for all n 2. In each case the group of the knot is isomorphic to the fundamental group of the ribbon disk complement that we started with. Conversely, every ribbon n-knot (for n 2) can be constructed this way, so that higher ribbon knot groups and LOT groups are precisely the same thing.
Recall 12] that a group G is knot-like if it has a nite presentation with deciency 1 (in other words, one more generator than de ning relator), and in nite cyclic abelianisation. It is clear that every LOT group has these properties, so LOT groups are special cases of knot-like groups.
The diameter of a nite connected graph ? is the maximum distance between two vertices of ?, in the edge-path-length metric. A key factor in our situation is the special nature of trees of diameter 3 or less. For any LOT ? of diameter 0 or 1, it is easy to see that G(?) is in nite cyclic, so such LOTs are of little interest.
Remark. Every tree of diameter 2 has a single non-extremal vertex. Every tree of diameter 3 has precisely 2 non-extremal vertices.
We recall from 7] that a LOT ? is reduced if:
(i) for all e 2 E , (e) 6 = (e) 6 = (e); (ii) for all e 1 6 = e 2 Remark. If ? is a minimal LOT of diameter 2, then the above argument still applies (to the subtree consisting of only the unique non-extremal vertex). In this case we see that the permutation is transitive, and that ? is spanned by two vertices. The result follows immediately from Theorem 3.1.
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Using the above results, we can reduce our problem to the case of a minimal LOT of diameter 3 that is not spanned by two vertices. In particular, some extremal vertex must occur twice as a label.
Corollary 4.4 If the group of every reduced, minimal LOT of diameter 3 which
is not spanned by two vertices is locally indicable with nitely presented HNN base, then the same is true for every LOT of diameter 3 or less. (iii) a = (e) for precisely two edges e 2 E(?).
(iv) If x 2 V (?)nfa; u; vg then x = (e) for precisely one edge e 2 E(?).
(v) Suppose (e 1 ; e 2 ; : : : ; e n ) is a directed cycle in I(?). Then there are vertices x 1 ; : : : ; x n 2 V (?) with x i = (e i ) for all i, (e i ) = x i+1 for i < n, and (e n ) = x 1 . Now each x i is extremal since it occurs as a label. If no x i is equal to a then we can remove the vertices x 1 ; : : : ; x n and the edges e 1 ; e 2 ; : : : ; e n from ? to form a connected, admissible subgraph ? 0 that contains at least three vertices (a; u; v). This contradicts the minimality of ?, and so x i = a for some i, as claimed.
(vi) By (iv) if x 6 2 fa; u; vg then x is the terminal vertex in I(?) of a unique edge. If the initial vertex of this edge is not one of a; u; v then it also is the terminal vertex of a unique edge. Continuing in this way, we can construct a directed path that ends at x, and either begins at one of a; u; v or contains a cycle. By (v) any directed cycle contains a, so in any case we have a directed path from one of a; u; v to x. It su ces therefore to nd a path in I(?) from u or v to a. But a is the terminal vertex in I(?) of precisely two edges, with initial vertices x 1 and x 2 say. Now apply the above argument to each of x 1 ; x 2 . If there is a path from u or v to x 1 or x 2 then we are done. Otherwise there are directed paths from a to each of x 1 ; x 2 . Neither u nor v can belong to these paths, since they are sources in I(?). But then from (ii) it follows that there is at most one directed path of any given length beginning at a, whence x 1 = x 2 , a contradiction. Hence there is a directed path in I(?) from u or v to a, as claimed. We also know that a is unique, since every extremal vertex occurs at least once as a label. Now suppose that neither of the edges labelled a has extremal initial vertex. The initial vertices of these two edges must be distinct, since ? is reduced, and so must be the two nonextremal vertices u; v of ?. In this section, we construct a presentation of a group that will turn out to be an HNN base for G. As a rst step, we x names for the various vertices of ?.
Throughout we make the following assumptions:
? is a minimal LOT of diameter 3, which cannot be spanned by fewer than three vertices. Clearly B is nitely generated. It remains to prove that B is nitely presentable, and we do this by constructing an explicit set of de ning relators.
Recall that our assumptions on ? imply that each of I(?) and T(?) has precisely two connected components, with the vertices u; v belonging to separate components in each case.
Let F denote the subgroup of the free group on V (?) generated by fxy ?1 ; x; y 2 V (?)g: Then F is free of rank jV (?)j ? 1 = jE(?)j, and any basis for F can be chosen as a nite generating set for B. Rather than x a speci c basis for F , we proceed as follows. Let K = K(?) be the maximal abelian cover of the 2-complex K = K(?) associated to ? (which is the standard 2-complex model of the presentation P(?)). Then Remarks.
(i) @ + C depends on the choice of maximal forest I , and then is well-de ned only up to cyclic permutation.
(ii) If C 0 is a cyclic permutation of C , then C 0 also lifts to a closed path in L, so @ + C 0 is de ned. It is equal to (a cyclic permutation of) @ + C . (iii) The de nition of @ + C does not depend on C being (cyclically) reduced.
Indeed the insertion into C of a cancelling pair xx ?1 may alter @ + C . However, the insertion of a cancelling pair x ?1 x will not alter @ + C . (iv) C and @ + C are (freely) homotopic in K (since the last part of the construction involves replacing a path x ?1 y by a homotopic path gh ?1 ). In particular, if C is nullhomotopic in K , then so is @ + C . inL and R 0 = (R 0 ) the corresponding nullhomotopic path in L. Now negative) in Z if only positive (resp. negative) powers of Z occur in w. We say that w is strictly positive (resp. strictly negative) if in addition at least one positive (resp. negative) power of Z does occur in w, in other words w 6 2 A.
We will concentrate our attention on the relators S i . The analysis of the R i is entirely analogous.
We rst treat the case where I(?) contains a directed cycle C . Proof This is an easy exercise, given the isomorphism described in the previous lemma.
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This completes the proof of our main result, Theorem 1.1.
Further remarks
In the proof of Theorem 1.1, we have relied heavily on one-relator theory to show that our HNN base G 1 is indeed de ned by the relators R i and S i . If we look at LOTs of larger diameter, we no longer have these tools at our disposal.
As long as I(?) and T(?) each have only two components (and hence only one cycle), a great deal of the proof goes through. Certainly the forward and backward derivatives give rise to two nite sequences R i and S i of relators for G 1 , but in order to prove that these relations are su cient to de ne G 1 we would need to prove a Freiheitssatz for the one-relator products (G 0 hXi)=S N and (G 0 hY i)=R M . In our case, we have used the combinatorics of the diameter 3 situation in a nontrivial way to show that G 0 is free and that S N properly involves X (resp. R M properly involves Y ) modulo the relations of G 0 , from which the Freiheitssatz follows.
It seems reasonable to conjecture in more generality that the HNN base B for G, generated by fxy ?1 ; x; y 2 V g will be nitely presented. One may construct sets of relations on this generating set analogous to the R i and S i above, by repeatedly applying the forward derivative construction to nullhomotopic paths arising from closed paths in I(?) (analogous to our S 0 ), and the backward derivative construction to nullhomotopic paths arising from closed paths in T(?) (analogous to our R 0 ). Provided we restrict attention to simple closed paths, only nitely many relations arise in this way, and one can conjecture that these form a set of de ning relators for B.
Before making this conjecture precise, let us rst give a geometric interpretation of these relations. On the 2-complex K = K(?) we de ne a track T in the sense of Dunwoody 4] as follows: T intersects each 1-cell in a single point, and each 2-cell in two arcs as in the diagram below. , which is a sink.
We can perform a similar construction for any cycle in T(?). The boundary label of the resulting Dehn diagram is obtained by repeatedly applying the backward derivative operator to a nullhomotopic closed path in K (1) . Again, 
